In this paper, the production rates of quarkonia η c , J/ψ, η b , Υ and B mesons from W + boson decay will be produced at the LHC. Comparison with the predictions by using quark fragmentation mechanism is also discussed. Results show that, for the charmonium production through W + decay, the difference between predictions by the fragmentation mechanism and complete leading order calculation is around 3%, and it is insensitive to the uncertainties of theoretical parameters; however, for the bottomonium and B ( * ) c productions, the difference cannot be ignored as the fragmentation mechanism is less applicable here due to the relatively large ratio m b /m w .
I. INTRODUCTION
As the only charged gauge boson in the Standard Model (SM) whose mass is generated through the electroweak symmetry spontaneous breaking (EWSB), the precise measurements on W boson's mass and decay width offer a way to distinguish the different EWSB mechanisms, and effectively put a stringent constraints on the Higgs boson mass and New Physics beyond the SM [1] . Furthermore, the study of the productions of W bosons can be a probe for searching New Physics since the possible new particles may decay to W bosons. By reason of that, recently, there have appeared several papers discussing "W boson physics", at Tevatron, ILC and LHC, respectively [2] .
Before the LHC era, only two rare decays: W + → π + γ and W + → D + s γ, were experimentally studied, and the respective upper limits for their branching fractions are 8 × 10 −5 and 1.3×10 −3 [3] 1 . The LHC has been running for two years. Due to its high luminosity, the huge number of W bosons are and will be produced. According to the estimations in [1, 5, 6 ], the production cross section of W boson is around ∼ 10 2 nb at the LHC with the center energy 7 TeV or 14 TeV. It is expected that hundreds of million W bosons will be produced per year at the LHC with the conservative expectation of the luminosity ∼ 10 32 cm −2 s −1 (which is twp orders of magnitude smaller than the desired LHC luminosity ∼ 10 34 cm −2 s −1 ). This makes the LHC also a W -boson factory which facilitates the precise experimental study on W boson physics, especially W boson rare decays.
In this article, we will discuss a class of W boson inclusive decays to the S-wave quarkonium and B c meson, such as η c , J/ψ, η b , Υ, B c and B * c . Because W boson is so heavy and participates merely the electroweak interactions, the study on W boson inclusive decays to quarkonia and B ( * ) c mesons 2 , offers another great place for the precise test of the perturbative quantum chromodynamics (PQCD) and the quarkonium production mechanism. As a quarkonium is presumed to be a non-relativistic bound state of heavy quark and anti-quark, a wonderful theoretical tool to deal with the processes involving quarkonium is non-relativistic quantum chromodynamics (NRQCD), in which the low-energy interactions 1 Recently, the CDF collaboration just set a new 95% confidence level upper limit on the relative branching fraction Γ(W + → π + γ)/Γ(W + → e + ν) at 6.4×10 −5 which is a factor of 10 improvement over the previous limit [4] . 2 As in [8, 13, 14] , we treat B are organized by the expansion in v, the typical relative velocity of the heavy quark and antiquark inside of quarkonium [7] . The inclusive production cross sections can be written as the product of the perturbatively calculable short-distance coefficients and the non-perturbative NRQCD matrix elements. At the leading order in v, the only non-perturbative NRQCD matrix element of the S-wave quarkonium is proportional to the Schrödinger wave function at the origin squared.
On the other hand, since the W boson mass m w is much greater than the heavy quark masses m b,c , the parton fragmentation may dominate the W boson inclusive decays to quarkonia and B ( * ) c mesons. The pioneer works in this field were done two decades ago, the universal fragmentation functions for different quarkonium and B c meson were given in [8, 10, 11] . By these universal fragmentation functions, the direct production rate of quarkonium and B c meson at large transverse momentum in any high-energy process can be approximated to be the product of the parton-level production rate and the universal fragmentation probability, and the corresponding computation is much easier than that done by within the NRQCD framework. In Ref. [8] [9] [10] , for the Z 0 inclusive decays to the S-wave charmonium, the authors did find great agreement between the results obtained by the parton fragmentation approximation and the complete leading order PQCD calculation.
However, in some processes, the fragmentation may not be the leading process, but main process when a certain condition of the fragmentation mechanism is not sufficiently fulfilled.
In Ref. [12] it was found that the fragmentation contribution is important but not dominant for top quark decays into quarkonium. Thus, it is worth examining if the fragmentation mechanism works in W boson inclusive decays to quarkonium and B c meson.
In the following sections, we present the complete leading order calculation of W + boson decays to quarkonium η c , J/ψ, η b , Υ and B ( * )+ c mesons; then we compare our results with that obtained by the fragmentation approximation; finally we discuss the theoretical uncertainties in our calculation.
II. FORMALISM
Some typical Feynman diagrams for quarkonia and B ( * ) c mesons hadronic production through W + decay are shown in Fig. 1 . We will calculate them at the leading order in α s and v. In NRQCD, a non-relativistic bound state of heavy quarks Q andQ ′ is considered as an expansion of a series Fock states. The leading Fock state for the S-wave hadron is constructed as
where m H denotes the mass of hadron and all the states are relativistically normalized. Here p is momentum of hadron, i, j stand for the color indices which run from i, j = 1, ..., N c with N c = 3 for QCD, and C(J, λ; 1/2, λ 1 , 1/2, λ 2 ) is the C-G coefficient with λ, λ 1 and λ 2 being the third components of spin indices. The non-perturbative parametersΨ2s+1 S J (p Q ) is the Schrödinger wave functions in momentum space. Thus, to project out the amplitude for the S-wave hadronic states from the complete patron level amplitude at the leading order of v, practically we do the following replacements for the heavy quark Q and -anti-quarkQ
Here ǫ µ is the polarization vector of 3 S 1 state, Ψ2s+1 S J (0) is the Schrödinger wave function at the origin. At the heavy quark limit, we set Ψ3 S 1 (0) = Ψ1 S 0 (0). 
where
with p, p 5 and p 6 being the momenta of η c meson,s quark and c quark, respectively; p 3 and p 4 the momenta ofc quark and c quark in η c meson; V cs the CKM matrix element; g = e/ sin θ W with θ W the Weinberg angle and e the unit electro-charge; α ≡ e 2 /(4π) and
s /(4π) are the electromagnetic and the strong coupling constants, respectively; ǫ W the polarization vector of W + boson. In this paper, we set u, d and s quarks massless, and ignore the dependence on the relative momentum between quark and anti-quark in meson, and set p 3 = p 4 = p/2. The spin-averaged partial decay width of W + → η c + c +s reads
where m w is the mass of W boson, s 1 = (p + p 5 ) 2 and s 2 = (p 5 + p 6 ) 2 . The explicit analytic expressions for the square of the amplitude for W + → η c + c +s is given in Appendix A.
For the complete leading order calculation of W + → J/ψ + c +s, we just repeat the calculation that had been done in Ref. [9] . We find that there is a misprint in the term
given in Appendix B of [9] , which should be Similarly, we also consider W + → Υ + c +s + γ for W decays to Υ. Its amplitude is proportional to V ud e 2 , which is numerically comparable to the factor g 2 s V cb accompanied with W + → Υ + c +b.
The calculation of η b production is similar to the η c production described in the previous subsection. Here we just show the results for the production of Υ. The complete amplitude for W + decay to Υ with c andb is
with
where p, p 5 and p 6 are the momenta of Υ, c quark andb quark, respectively; p 3 and p 4 are the momenta of b quark andb quark in Υ meson; ǫ Υ is the polarization vector of Υ boson.
The explicit expression for the square of amplitude is given in Appendix B. Because of the CKM suppression, the electroweak contributions depicted in Fig. 2 is required for the production of Υ as we argued above 3 . Taking W + → Υ + u +d for example, the amplitude for this process is written as
where p, p 5 and p 6 are the momenta of Υ,d quark and u quark, respectively; p 3 and p 4 are the momenta of b quark andb quark in Υ meson. Here again we set p 3 = p 4 = p/2 in the calculation. 
Here p, p 3 , p 4 , p 5 and p 6 are, respectively, the momenta of B 
where p, p 3 , p 4 , p 5 and p 6 are, respectively, the momenta of B c ,b quark and c quark in B c meson,c quark and c quark.
Similarly, we can obtain the amplitudes for B * c production. In Appendix C, we detail the square of the amplitudes for both W + → B The Schrödinger wave functions at the origin for J/ψ and Υ are determined through their leptonic decay widths Γ ee , at the leading order in both α s and v, which is [7] , In principle, we can extract Ψ ηc (0) from the decay width of η c → γγ. However, since the experimental data uncertainty is still large, which is B(η c → γγ) = (6.3 ± 2.9) × 10 −5 [3] , 
the corresponding extraction of Ψ ηc (0) is not applicable in our numerical analysis. Instead, we set Ψ ηc (0) = Ψ J/ψ (0), which is the consequence of the heavy quark spin symmetry in NRQCD at leading order v [7] . Similarly, we adopt [14] by using the Buchmüller-Tye potential [15] . In addition, for consistency the leading order α s running is adopted, i.e.
, where we take Λ 2 QCD = 200MeV and n f = 4 as in [14] . We choose the typical renormalization scale µ = 2m c for charmonium and B ( * ) c production, and µ = 2m b for bottomonium production, correspondingly α s (2m c ) = 0.26 and α s (2m b ) = 0.19.
B. Decay widths and feasibility at LHC
By the input parameters given above, we list the partial widths of W decays to the S-wave quarkonia and B ( * ) c mesons in Table I . Employing these partial widths, one can estimate the event numbers of quarkonium production through W decays at the LHC.
Considering that the LHC runs at the center-of mass energy √ s = 14TeV with the luminosity for pp collision at LHC experiments. However, to tag whether such J/ψ event is really from W + decay, one must reconstruct W + from µ + µ − + 2 jets event. Therefore, the additional information about relevant QCD background of such events could be crucial as well.
The most promising decay channels for reconstruction η c are η c → KKπ , ηππ and etc, which branching ratios are around a few percent. Thus, it should be possible to observe W + decays to η c at the LHC. Certainly, such measurements also suffers the difficulty of reconstruction of W + as mentioned above. Since m w ≫ m b , m c , one can argue that the fragmentation mechanism may be the dominant contribution to the inclusive decay rate of the W + into the quarkonium and B c meson which survives in the limit m w /m b,c → ∞. In the fragmentation mechanism, the hadron H with energy E is produced by the fragment of a type i parton with energy E/z (z is the longitudinal momentum fraction of H relative to type i parton) directly from the decay of W + boson. The possibility of i → H is presumed to be described by the universal fragmentation function D i→H (z). Putting all the possible parton fragmentation together, the differential decay width of H inclusive production can be written as
where dΓ is the parton level differential decay width, and the sum is over the parton type i and the hadron H's longitudinal momentum fraction z. At the leading order of α s , dΓ does not depend on the longitudinal momentum fraction z. Thus, the total decay width turns to
where P i→H is the so-called fragmentation possibility.
After paying the price of O(m H /m w ) power corrections, Eq.(21) has a number of advantages in calculation. The parton level differential decay width dΓ is easy to be calculated and dependent only on the typical short-distance scale m w . The fragmentation functions are universal and dependent on the hadronization scale, and therefore, they can be either extracted from the experimental measurements or calculated from certain phenomenological models. Fortunately, the fragmentation functions for the S-wave quarkonium and B c meson can be calculated perturbatively [10, 11] , together with all the non-perturbative hadronization effects being parameterized into the Schrödinger wave functions of the mesons at origin at the non-relativistic limit.
In calculation we take the following fragmentation probabilities from [10, 11] :
where the function f (r) and g(r) are f (r) = 8 + 13r + 228r 2 − 212r 3 + 53r
g(r) = 24 + 109r − 126r 2 + 174r 3 + 89r
P b→Υ and P b→η b can be obtained from (23) The numerical results on the decay widths of W inclusive decays to quarkonium and B c meson by using the fragmentation approximation are listed in Table IV . We also list the comparisons between the predictions given by the fragmentation approximation and the complete leading order calculations. We find that the difference between the predictions by the two methods is negligible for the charmonium productions. However, for the bottomonium and B ( * ) c productions, the differences is sizable but understandable, since the power corrections to the fragmentation mechanism is order of 2m b /m w , which is numerically around 10%.
D. Theoretical uncertainties
At last, we investigate the theoretical uncertainties in our calculations for the J/ψ and η c production from W boson decay. The main sources of uncertainties include the wave function at the origin, the strong coupling constant and the quark mass. After some numerical check, we find that the biggest uncertainty in our results is from the choice of the charm quark mass. Here we present the dependence of our results on the charm quark mass in Fig. 3 . It shows that we can get a production rate of charmonium which is 1.6 times as much as we had calculated if we adopt m c = 1.27 GeV. Besides, the production rate from fragmentation is a slightly bigger than that from complete leading order computation. The difference between the LO calculation and the fragmentation approximation is insensitive to the charm mass.
The second largest uncertainty is due to the choice of renormalization scale as mentioned in the front of this section. Also we lay out their relations in Fig. 3 . The dependence on the renormalization scale can be reduced by considering the NLO QCD corrections and employing the Altarelli-Parisi equations to resum the large logarithms. 
IV. CONCLUSIONS
In this paper, we show that there will be around 10 c mesons and bottomonium, the differences rise, but it is understandable. Here we introduce parameters
with p 1 , p and p 5 being the momenta of W + , η c ands quark, respectively. Here we define parameters:
with p 1 , p and p 5 being the momenta of W + , Υ and c quark, respectively. 
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